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Abstract—Covariance intersection (CI) is a method used for
consistent track fusion with unknown correlations. The well-
known generalization of CI to probability density functions
is known as Chernoff fusion. In this paper, we propose an
approximate approach for the Chernoff fusion of Gaussian
mixtures based on a sigma-point approximation of the underlying
densities. The resulting general density fusion rule yields a
closed form cost function and an analytical fused density for
Gaussian mixtures. The proposed method is applied to a simple
but illustrative density fusion problem and compared to exact
numerical Chernoff fusion.

I. INTRODUCTION

The area of track fusion is mainly concerned about the
correlation between the estimates to be fused. Even if the
sensors used in a network collect measurements which are
conditionally independent of each other, local processing of
the measurements in the presence of common process noise
in the target dynamics makes the local estimation errors corre-
lated [1]. Moreover, the existence of data feedback loops can
cause rumor propagation all over the network, which would
result in inconsistencies, overconfidence and in turn even filter
divergence. The proposed solutions for the track correlation
problem range from the ones requiring extra information
transmission (e.g. Kalman filter gains [2]) or extra processing
(e.g. information decorrelation [3, 4]) in order to compensate
for the correlation to correlation independent methodologies
like the covariance intersection (CI) [5, 6] and the largest
ellipsoid algorithm (LEA) [7, 8]. An analysis with a survey
and comparison of the possible approaches was presented in
[9, 10].

The early approaches to track fusion considered only the
fusion of locally estimated means and covariances due to
the ubiquitous use of Gaussian density based state estimators
(e.g. Kalman filter (KF), extended KF (EKF), unscented
KF (UKF) [11]). This was indeed a manifestation of the
computational restrictions of the era which made such filters
actually the only possible choices. With the advent of more
sophisticated state estimators like Gaussian sum filters [12],
multiple model filters [13], [14, Section 11.6] and particle
filters [15, 16], the need for fusing density functions became
more apparent. Similarly, in multiple target tracking, the
consideration of local multiple hypothesis trackers (MHT)
which inherently hold mixtures for targets directly leads to

the problem of fusing local mixtures for a single target (even
if Gaussian based state estimators are used in local trackers).
The recent developments in multiple target tracking leading
to the extensive use of probability hypothesis density (PHD)
filters [17] made the need for density/intensity fusion methods
even more significant.

The optimal fusion of density functions is investigated in
detail in [18]. The generalization of CI to probability density
functions was first proposed by Mahler in [19] and two years
later, independently, by Hurley in [20]. This generalization
is called by different names by different authors: Chernoff
fusion [10]; geometric mean density [21]; exponential mixture
densities [22]. In [19], Mahler also proposed the application
of both the optimal approach [18] and Chernoff fusion to
multitarget densities. The consistency and conservativeness
properties of Chernoff fusion are investigated in [21]. Explicit
formulae are derived for Chernoff fusion of Bernoulli, Poisson
and independent cluster process multitarget densities in [23].

In this study, we propose an approximate approach for the
Chernoff fusion of Gaussian mixtures. For this purpose, we
approximate an arbitrary power of a Gaussian mixture with
an unnormalized Gaussian mixture whose weights are found
based on a weighted least squares problem. The instrumental
weighted least squares problem for the weights is constructed
by approximating the original Gaussian mixture with its
sigma-point approximation. Such an approximation can lead to
a density fusion formula which no longer involves powers of
the densities to be fused. An important merit of the proposed
fusion rule is that it yields a closed form cost function and an
analytical fused density for the fusion of Gaussian mixtures.
We illustrate the performance of the proposed generalization
on a density fusion scenario where Gaussian mixtures are
required to be fused.

The organization of the paper is as follows. A brief overview
of CI and Chernoff fusion is presented in Section II. Sec-
tion III-A first establishes the approximation of the density
powers appearing in Chernoff fusion for Gaussian mixtures
and then presents the implied new version of Chernoff fusion
for Gaussian mixtures, which is the main result of the current
work. The explicit fused density formula resulting from the
application of the proposed fusion rule to Gaussian mixtures
is obtained in Section III-B. The simulation results are given



in Section IV. The paper is finalized with conclusions and
future work in Section V.

II. COVARIANCE INTERSECTION AND CHERNOFF FUSION

Covariance intersection (CI) [5, 6] is one of the main
approaches to decentralized fusion [10]. Its main advantage
is that it enables consistent fusion under unknown correlation
information. The consistency in this context is defined as
the fused covariance being always larger than or equal to
the optimally fused covariance that would be obtained if the
correlation information was available. See [24] for more details
about the optimality and consistency properties of CI. The
main idea of CI is as follows. Let us have two local estimates
x1 ∈ Rn and x2 ∈ Rn and their positive definite covariances
P1 ∈ Rn×n and P2 ∈ Rn×n. Then the fused estimate xCI and
covariance PCI are calculated as

P−1CI xCI =w∗P−11 x1 + (1− w∗)P−12 x2 (1a)

P−1CI =w∗P−11 + (1− w∗)P−12 (1b)

where w∗ ∈ [0, 1] is calculated using the following optimiza-
tion

w∗ , arg min
w∈[0,1]

L
((
wP−11 + (1− w)P−12

)−1)
. (2)

Here, the function L : Sn×n≥0 → R≥0 represents an uncertainty
measure from the space of symmetric positive semi-definite
matrices (Sn×n≥0 ) into non-negative real numbers (R≥0) and
usually selected either as trace or the determinant of the matrix
argument. The ellipsoid EPCI , where

EP , {x|xTP−1x < 1}, (3)

corresponding to the fused covariance PCI becomes “the
smallest” ellipsoid containing the intersection EP1

∩EP2
of the

ellipsoids EP1 and EP2 corresponding to the local covariances
P1 and P2 respectively. See Figure 1 for an illustration of this
property in two dimensions.

A very attractive property of CI is that it is generalizable
to the fusion of density functions [19, 20]. The corresponding
generalization is called as Chernoff fusion [10]. Given two
density functions px,1( · ) and px,2( · ) representing the same
random variable x, the fused density px,CF( · ) is obtained as

px,CF(x) =
pw

∗

x,1(x)p1−w
∗

x,2 (x)∫
pw

∗
x,1(x)p1−w

∗

x,2 (x) dx
(4)

where the subscript CF stands for Chernoff fusion and w∗ is
selected as below

w∗ = arg min
w∈[0,1]

L

(
pwx,1(x)p1−wx,2 (x)∫
pwx,1(x)p1−wx,2 (x) dx

)
. (5)

Here, the function L( · ) represents an uncertainty measure
from the space of density functions into real numbers. For ex-
ample, the matrix uncertainty measure trace in CI corresponds
to the uncertainty measure variance (Ex[xTx]−Ex[xT]Ex[x])
in Chernoff fusion and the matrix uncertainty measure deter-
minant in CI corresponds to the uncertainty measure entropy

xTP−1
1 x = 1

xTP−1
2 x = 1

xTP−1

optimal
x = 1

Covariance Intersection

Fig. 1. Covariance intersection algorithm in two dimensional case (n = 2).
Similar figures also appear in [5, 6].

(Ex[− log p(x)]) in Chernoff fusion. See [21] for details about
the consistency and conservativeness properties of Chernoff
fusion formula (4).

III. CHERNOFF FUSION OF GAUSSIAN MIXTURES USING
SIGMA-POINTS

When the densities px,1( · ) and px,2( · ) in (4) are selected
to be Gaussian Mixtures as:

px,1(x) =

M∑
i=1

µiN (x;φi,Φi) (6a)

px,2(x) =

N∑
j=1

νjN (x;ψj ,Ψj) (6b)

application of Chernoff fusion formula (4) requires the ex-
ponentiation of the Gaussian mixtures for exponent values in
[0,1].

Starting with the single Gaussian case, the exponentiation
results in the scaled Gaussian given below.

Nw(x;φ,Φ) =c(w,Φ)N
(
x;φ,w−1Φ

)
(7)

for w ∈ (0, 1) where c(w,Φ) is a scalar independent of x. The
expression above will be the basis for some assumptions in this
paper later on. Notice that the mean of the Gaussian density
does not change after the exponentiation and the covariance
is multiplied simply by w−1.

A. Taking the wth power of a Gaussian Mixture

For the Gaussian mixture case, the Chernoff fusion formula
requires the wth powers of the Gaussian mixtures where
w ∈ (0, 1). We call the wth power of a Gaussian mixture

p(x) =
N∑
i=1

wiN (x;xi, Pi) as q(x) , pw(x). Note that q( · )
is not necessarily a Gaussian mixture but one can intuitively



say that its shape would be similar to a Gaussian mixture.
Assuming that q( · ) can be approximated as a (unnormalized)
Gaussian mixture, estimation of the number, weights, means
and covariances of the components of q( · ) becomes the
main concern. Defining an optimization problem over all of
these parameters to find q(x) and obtaining a solution is
a very challenging task. Therefore, we make the following
assumptions utilizing the interpretation for the single Gaussian
case given in (7).
• q( · ) has the same number of components as p( · ).
• The means of the components of q( · ) are equal to those

of p( · ).
• The covariances of the components of q( · ) are equal to

the covariances of the components of p( · ) scaled by 1/w

The assumptions listed above results in the following expres-
sion for q( · ).

q(x) ≈
N∑
i=1

βiN (x;xi, w
−1Pi) (8)

Note that the only unknown variables in (8) are the weights
{βi}Ni=1 of the components of q(x) which can be found by
solving the following optimization problem.

minimize
β

∫
(q(x)− pw(x))2p(x) dx (9a)

subject to 0 ≤ βi, i = 1, . . . , N. (9b)

where β = [β1, β2, . . . , βN ]
T. In the optimization problem

defined above the cost function (9a) is quadratic and the
constraint (9b) is linear in the unknown weights {βi}Ni=1.
Hence we have a quadratic optimization problem which is
relatively easy to solve. An important drawback is though that
the analytic evaluation of the integral in the cost (9a) is not
possible. Notice that the optimization problem has to be solved
for every candidate exponent w for the Chernoff fusion which
would lead to extreme amount of computations, especially in
high dimensions. Therefore we choose here to approximate
the optimization problem above by the following optimization
problem.

minimize
β

N∑
i=1

wi

2n+1∑
j=1

πji

(
q(sji )− p

w(sji )
)2

(10a)

subject to 0 ≤ βi, i = 1, . . . , N. (10b)

where {sji}
2n+1
j=1 are the sigma-points for the ith component of

p( · ) generated by unscented transform [11] and {πji }
2n+1
j=1 are

their weights. Note that the approximate optimization problem
given above follows simply from the approximation of p( · )
given as

p(x) ≈
N∑
i=1

wi

2n+1∑
j=1

πji δsji
(x)︸ ︷︷ ︸

≈N (x;xi,Pi)

(11)

where δs( · ) denotes the Dirac delta function placed at s.

The new optimization problem (10a) can simply be written
as the following weighted non-negative least squares problem.

minimize
β

(Mβ − b)TW(Mβ − b) (12a)

subject to 0 ≤ βi, i = 1, . . . , N. (12b)

where the elements of the vector b ∈ RN(2n+1)×1, the
matrix M ∈ RN(2n+1)×N and the diagonal matrix W ∈
RN(2n+1)×N(2n+1) are defined as

[M](2n+1)(i−1)+j,m ,N (sji ;xm, w
−1Pm), (13)

[b](2n+1)(i−1)+j,1 ,pw(sji ) (14)

[W](2n+1)(i−1)+j,(2n+1)(i−1)+j =wiπ
j
i (15)

for i,m = 1, . . . , N and j = 1, . . . , 2n+ 1 where the notation
[ · ]i,j denotes the i, jth element of the argument matrix . The
solution for the weighted least squares problem (when the
constraints are neglected) is given as

β̂ =
(
MTWM

)−1 MTWb. (16)

For this paper, the constraints 0 ≤ βi, i = 1, . . . , N are
simply ignored since no problems were encountered during the
simulations about this issue, i.e., all optimized weights turned
out to be nonnegative. However, there are also existing simple
solutions to the original weighted non-negative least squares
problem with algorithms like Lawson-Hanson algorithm given
in [25].

The approach described above provides a fast and scalable
(with the dimension of x) way for approximating the wth
power of a Gaussian Mixture as another Gaussian Mixture
which is going to be instrumental in the Chernoff fusion of
Gaussian mixtures.

B. Chernoff Fusion of Gaussian Mixtures

In this section, we are going to investigate the fusion of
Gaussian mixtures by Chernoff Fusion technique using the
results of the earlier subsection. In order to find the fused
density given in (4), the wth and (1−w)th powers of px,1(x)
and px,2(x) should be found, respectively. According to the
solution proposed in the previous subsection, the resulting
approximating functions qx,1( · ) and qx,2( · ) will also be
(unnormalized) Gaussian mixtures given as

qx,1(x) =

M∑
i=1

µ̂i(w)N (x;φi, w
−1Φi) (17)

qx,2(x) =

N∑
j=1

ν̂j(w)N (x;ψj , (1− w)−1Ψj) (18)

where the dependency of the weights on w is emphasized.
Given qx,1( · ) and qx,2( · ), the rest of the fusion amounts to
nothing but applying the so called “naive” fusion formula [10]



(i.e., the fusion formula that would be valid if the local quan-
tities were independent.1) to fuse the resultant mixtures (17)
and (18).

Multiplication of the Gaussian Mixtures qx,1( · ) and qx,2( · )
results in

qx,1(x)qx,2(x)

=

M∑
i=1

N∑
j=1

µ̂iν̂jN
(
x;φi,

Φi
w

)
N
(
x;ψj ,

Ψj

1− w

)
(20)

=

M∑
i=1

N∑
j=1

µ̂iν̂jπij(w)N
(
x; x̃ij(w), P̃ij(w)

)
(21)

where

πij(w) ,N
(
φi;ψj ,

Φi
w

+
Ψj

1− w

)
(22)

P̃−1ij (w) =wΦ−1i + (1− w)Ψ−1j (23)

P̃−1ij (w)x̃i,j(w) =wΦ−1i φi + (1− w)Ψ−1j ψj . (24)

Therefore, we have

px,SPCF(x) =

( ∑M
i=1

∑N
j=1 µ̂i(w)ν̂j(w)πij(w

∗)

×N
(
x; x̃ij(w

∗), P̃ij(w∗)
) )

∑M
i=1

∑N
j=1 µ̂iν̂jπij(w

∗)
(25)

where

w∗ = arg min
w∈[0,1]

L

∑M
i=1

∑N
j=1 µ̂i(w)ν̂j(w)πij(w)N

(
x; x̃ij(w), P̃ij(w)

)
∑M
i=1

∑N
j=1 µ̂i(w)ν̂j(w)πij(w)

 .

(26)

In this work we are going to use the variance as the optimizing
criterion since it is analytically computable for Gaussian
mixtures, i.e., L(px(x)) = Ex[xTx] − Ex[xT]Ex[x], which
gives

w∗ = arg min
w∈[0,1]

( ∑M
i=1

∑N
j=1 µ̂i(w)ν̂j(w)πij(w)

×
[
tr
(
P̃ij(w)

)
+ ‖x̃ij(w)− x̃(w)‖22

] )
∑M
i=1

∑N
j=1 µ̂i(w)ν̂j(w)πij(w)

(27)

where

x̃(w) ,
M∑
i=1

N∑
j=1

µ̂i(w)ν̂j(w)πij(w)x̃ij(w), (28)

and the notation ‖ · ‖2 denotes the Euclidean norm of the
argument vector; the operator tr( · ) gives the trace of the
argument matrix.

1The naive fusion formulae is given as

pnaive(x) =
px,1(x)px,2(x)∫
px,1(x)px,2(x) dx

. (19)

Notice that while the cost function and the fused density for
Chernoff fusion can only be obtained with resort to numerical
optimization due to the exponentiation of the Gaussian mix-
tures, the sigma-point Chernoff fusion enables the analytical
evaluation of the cost function and provides an explicit formula
for the fused density once the optimization problem (with
respect to w) is solved.

IV. SIMULATIONS

In this section, we are going to present the preliminary
results obtained by applying the sigma-point Chernoff fusion
to univariate and bivariate density fusion problems and com-
paring the results to those of exact numerical Chernoff fusion.
We consider a fusion scenario where we have two local agents,
called A1 and A2 from this point on, which process both
conditionally independent and common information about a
random variable x ∈ Rn. Both agents assume common prior
information about x given as

x ∼ p(x) ,
2∑
i=1

πiN (x;µi,Mi). (29)

We consider three conditionally independent measurements z1,
z2 and z3 of x which are related to x with the simplest noisy
measurement relation

zj = x+ vj (30)

where vj ∼ N (vj ; 0, Rj) for i = 1, 2, 3. We suppose that
the measurement pairs Z1 , {z1, z2} and Z2 , {z2, z3} are
available to agents A1 and A2 respectively. When the agents
get their respective information Z1 and Z2, they calculate the
posterior densities p1( · ) and p2( · ) defined as

p1(x) , p(x|Z1) ∝ p(Z1|x)p(x) (31)

p2(x) , p(x|Z2) ∝ p(Z2|x)p(x) (32)

respectively. The task is then going to be the fusion of p1( · )
and p2( · ) under unknown correlations. Note here that the
common information in this case is both the common prior
information that the agents use and the information of the
measurement z2. It is obvious that the optimal fused density
would be given as

popt(x) , p(x|z1, z2, z3) ∝ p(z1|x)p(z2|x)p(z3|x)p(x). (33)

A point to be emphasized here is that the densities p1( · ),
p2( · ) and popt( · ) can all be calculated exactly using the
Kalman filter update formulae. We below give the analytical
formula only for p(x|z1) and the others can be calculated
by applying this update formula on p(x|z1) using z2 and z3
sequentially.

p(x|z1) =

2∑
i=1

π̄iN (x; µ̄i,M i) (34)



where

µ̄i =µi +Ki(zi − µi) (35a)

M i =Mi −KiSiK
T
i (35b)

π̄i ∝πiN (z1;µi, Si) (35c)
Si =Mi +R1 (35d)

Ki =MiS
−1
i (35e)

The fused density results of 4 different density fusion methods
are presented.

• Optimal: The optimal result calculated exactly us-
ing (33).

• Naive: The fused density that would be obtained as-
suming independence between the two local densities,
see (19) in the footnote of the previous page. This method
gives highly overconfident results since it totally neglects
the existent dependence between the local quantities.

• Chernoff: Chernoff fusion formula (4). In this case, the
optimization (5) is carried out on a grid of 100 uniformly
placed w-values in the interval [0, 1]. The variance of the
fused density is used as the objective function. The inte-
grals involved for calculating both the cost function and
the normalization constant for the resulting density were
taken numerically using a uniform grid of all components
of the x vector placed in the interval [−400m, 400m] with
a spacing of h meters.

• sigma-point Chernoff: The proposed method in this
work. As in Chernoff fusion, the optimization is carried
out on a grid of 100 uniformly placed w-values in the
interval [0, 1]. The variance of the fused density is used as
the objective function. The cost function was calculated
analytically using the formula (27).

A total of 10000 Monte Carlo runs are made, where in
each run different realizations of x, z1, z2 and z3 are used.
As the comparison metrics, for each run, we calculate the
means and the standard deviations of the components of
x corresponding to the resulting fused densities. For each
algorithm (naive fusion, Chernoff fusion, sigma-point Chernoff
fusion), we calculate the distance from the mean and the
standard deviation obtained by the algorithm to the mean and
the standard deviation of the optimally fused density poptimal( · )
i.e., we calculate

emean =
∥∥∥mean [palgorithm( · )]−mean [poptimal( · )]

∥∥∥
2

(36)

estd =
∥∥∥std [palgorithm( · )]− std [poptimal( · )]

∥∥∥
2

(37)

where “algorithm” can be one of naive fusion, Chernoff
fusion and sigma-point Chernoff fusion and the notation std [ · ]
denotes the vector composed of the standard deviations of
components of x distributed with the argument density. After
calculating the error metrics for each Monte Carlo run, we
calculate the empirical estimate of the cumulative distribution
function of each error metric.

A. 1D-Case
In the following, we are going to make two parameter

selections for the scenario described above when x ∈ R, i.e.,
n = 1, and then present the results.

1) Parameter Selection I: In this case we select the param-
eters of the scenario as below.

π1 =0.8 π2 =0.2 (38a)
µ1 =− 50m µ2 =50m (38b)

M1 =1002m2 M2 =202m2. (38c)

R1 = R2 = R3 = 1002m2. (39)

In Figures 2 and 3 we show the result of the single run where
the sampled x value is x = −36.1141m and the sampled
measurements are given as z1 = 59.9m z2 = −112.6m and
z3 = −22.1m. The densities p( · ), p1( · ), p2( · ) and poptimal( · )
are illustrated in Figure 2. In Figure 3, we show the fused
densities poptimal( · ), pnaive( · ), pCF( · ) and pSPCF( · ). For this
example, the Chernoff fusion selects the exponent w = 1
while sigma-point Chernoff fusion selects the scaling factor
w = 0.9394. Note here that for this specific case, the fused
densities pSPCF( · ) and pCF( · ) seem to be quite similar and
they fit better to poptimal( · ) than pnaive( · ) does. It must be noted
that, for exactly the same example, it is easy to find the reverse
case if other samples are generated from the random variables
x, z1, z2 and z3. We show the error cdfs for the means
and the standard deviations in Figures 4 and 5 respectively.
The results show that for this example, sigma-point Chernoff
fusion is a little better than Chernoff fusion on the average in
terms of both mean error and standard deviation error. Note
that the mean error of both algorithms are worse than naive
fusion whose mean estimates are surprisingly close to optimal
means. However, as can be observed, the naive fusion standard
deviation errors are much worse than the other algorithms
which is expected.

2) Parameter Selection II: In this case we select the pa-
rameters of the scenario as below.

π1 =0.5 π2 =0.5 (40a)
µ1 =− 20m µ2 =20m (40b)

M1 =102m2 M2 =102m2. (40c)

R1 = R2 = R3 = 1002m2. (41)

We show the error cdfs for the means and the standard
deviations in Figures 6 and 7 respectively. For this example,
the results show that the differences of the obtained means and
covariances from the optimal mean and covariances are much
smaller for the new parameter selection. We tried to emphasize
this by keeping the axes limits in Figures 6 and 7 the same
as those of Figures 4 and 5, respectively. The mean errors
of the sigma-point Chernoff fusion for the current parameter
selection are on average similar to those of Chernoff fusion and
Naive fusion. Nevertheless, the sigma-point Chernoff fusion
still seems to be considerably more consistent than naive
fusion.
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Fig. 3. The fused densities poptimal( · ), pnaive( · ), pCF( · ) and pscaling( · ) for
parameter selection I.

B. 2D-Case

Comparison of the methods from a computational point
of view may be much more meaningful when the problem
is defined in the 2D space. For this aim, one-dimensional
simulations presented in the previous subsection are extended
to the 2D space in which the parameters of the scenario are
selected as below.

π1 =0.8 π2 =0.2 (42a)
µ1 =[−50m;−50m] µ2 =[50m; 50m] (42b)

M1 = diag(1002m2, 1002m2) M2 = diag(202m2, 202m2)
(42c)

R1 = R2 = R3 = diag(1002m2, 1002m2) (43)
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Fig. 4. The cdfs for emean for parameter selection I.
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Fig. 5. The cdfs for estd for parameter selection I.

The results for this scenario are represented in the Figures 8
and 9. In parallel with the earlier findings, mean estimates of
the sigma-point Chernoff fusion are very similar to those of
Chernoff and Naive fusion methods while it has better covari-
ance characteristics than these two methods. These results are
an indication of the effectiveness of the proposed technique in
a higher dimension.

During the simulations, measuring the rough computation
times for 1D and 2D simulations in MATLAB showed that
sigma-point Chernoff fusion method has better performance
than the Chernoff fusion especially when the scenario dimen-
sion is increased. For the 1D case, when the discretization
interval length h was equal to 0.1m for the Chernoff fusion, the
computation times of the proposed technique and the Chernoff
fusion method were, more or less, similar on the average
and both run 100 times slower than naive fusion which is
reasonable since the fused density computation is carried out
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100 times for the optimization involved in the method. On
the other hand, when the dimension is increased to 2, sigma-
point Chernoff fusion is approximately 350 times faster than
the Chernoff fusion due to the numerical integral taken in
the Chernoff fusion while calculating the objective function
and the normalization constants. This difference is expected
to increase drastically with especially multivariate densities
in higher dimensions where taking numerical integrals would
be much more difficult. Note that the discretization interval
length h for the 2D case is taken as 1m and reducing this
length further will certainly increase the computation time
difference between the sigma-point Chernoff fusion and the
Chernoff fusion. Also note that while the Chernoff fusion
spends a lot of time in the objective function evaluation, it
still cannot provide an analytical fused density estimate at the
end of the optimization which is not the case with sigma-point
Chernoff fusion.
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Fig. 8. The cdfs for emean for parameter selection for 2D.
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Fig. 9. The cdfs for estd for parameter selection for 2D.

V. CONCLUSIONS AND FUTURE WORK

In this study, an approximate method for Chernoff fusion
of Gaussian mixtures has been presented. An arbitrary power
of a Gaussian mixture is first approximated as an unnor-
malized Gaussian mixture by preserving the means, scaling
the covariances of the original mixture. The weights of the
approximating mixtures on the other hand are found using an
optimization which turns into a weighted least squares problem
when a sigma-point approximation of the original density
is used. The resulting Chernoff fusion formula for Gaussian
mixtures then basically boils down to applying naive fusion
on approximated exponentiated versions of the individual
densities and therefore an analytical formulae can be obtained
for the fused density which can be important in subsequent
estimation stages in many practical target tracking applica-
tions. This result is important in that applying Chernoff fusion



to Gaussian mixtures inevitably requires resort to numerical
approaches due to the exponentiation of the mixtures. This
would especially be critical in high dimensional state-spaces.
The new fusion formulae enables the analytical evaluation of
the objective function involved in the fusion if the variance is
used as the corresponding uncertainty measure.

The application of the new fusion formula to simple uni-
variate and bivariate Gaussian mixture fusion examples shows
that the results of the proposed approach are comparable
to those obtained by Chernoff fusion and persistently more
consistent than naive fusion. It must be noted that much more
trials and different parameter settings would be required to
measure the trustability of our approach. In our simulations,
the weighted least squares problem without non-negativity
constraints gave always non-negative weights which justified
ignoring these constraints. However, future work must either
prove theoretically that ignoring these constraints would cause
no harm in general, or use specifically tailored least square
optimization algorithms enforcing the constraints [25].
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